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Abstract: The weak-scale Lorenz gauge U(1)Y Abelian Higgs Model (AHM) is the sim-
plest spontaneous-symmetry-breaking gauge theory: a scalar φ = 1√
2
(H+iπ) ≡ 1√
2
H˜eip˜i/〈H〉;
vector Aµ; ghosts ω, η¯ decouple. T.W.B Kibble showed it has a Goldstone theorem: π˜ (not
the linear pseudo-scalar π) is a massless derivatively coupled Nambu-Goldstone boson.
Global U(1)Y ⊗ BRST symmetry [1] emerges, when it is realized that on-shell T-
matrix elements enjoy an extra U(1)Y global symmetry beyond the Lagrangian’s BRST
symmetry. The symmetries co-exist: U(1)Y generators δU(1)Y commute with idempotent
BRST generators s and
[
δU(1)Y , s
]
LAHM = 0. Two towers of Ward Takahashi identities
(WTI), which include all-loop-orders quantum corrections, emerge [1]: a tower of relations
among off-shell 1-φ-I (but 1-Aµ-Reducible) Green’s functions; another tower of Adler-zero
WTI for on-shell T-matrix elements. The T-matrix’s LSS theorem [1] forces tadpoles to
automatically vanish (equivalently m2pi = 0) by symmetry alone.
We show that, when the full symmetries of Lorenz gauge AHM are enforced in the
scalar-sector effective potential, the vacuum state of the theory is specified/decided by
symmetry alone. We use recursive WTI relations among Green’s functions to include oper-
ators of dimension ≥ 1. We express the fully renormalized scalar-sector effective potential
in a form which shows explicitly that, for small φ-field values, the gauge-independent vac-
uum state of the theory 〈H〉renormalized = Z
−1/2
φ 〈H〉bare is determined by U(1)Y ⊗BRST
symmetry alone, without minimizing the effective potential.
The extended-AHM (E-AHM) adds certain (M2Φ,M
2
ψ ∼ M
2
Heavy ≫ 〈H〉
2 ∼ m2Weak)
CP -conserving heavy matter: spin S = 0 scalars Φ with
〈
Φ
〉
= 0; S = 12 anomaly-
cancelling fermions ψ. By U(1)Y ⊗BRST symmetry alone: the LSS theorem forces all
heavy-particle relevant operators to vanish; m2pi = 0; tadpoles vanish; and the ground state
is fully determined, with no need to minimize an E-AHM effective potential.
Keywords: Effective field theories, Spontaneous Symmetry Breaking, Global Symmetries
1 Introduction
What are the symmetries of spontaneous symmetry breaking (SSB) Abelian Higgs Model
(AHM) physics? The symmetries of its Lagrangian are well known [2], but local gauge
invariance is lost in the AHM Lagrangian, broken by gauge-fixing terms, and replaced
with global BRST invariance [3]. Nevertheless, Slavnov-Taylor identities [4] prove that the
on-shell S-Matrix elements of “physical states" Aµ, h, π (but not fermionic ghosts ω, η¯)
are independent of the usual anomaly-free U(1)Y gauge/local transformations even though
these break the Lagrangian’s BRST symmetry. B.W. Lynn and G.D. Starkman observed,
in collaboration with Raymond Stora [1], that they are therefore also independent of the
anomaly-free U(1)Y global/rigid transformations, resulting in “new" global/rigid currents
and appropriate U(1)Y Ward-Takahashi Identities (WTI).
In this paper we consider only the Goldstone (i.e. spontaneously broken) mode of the
Abelian Higgs Model [5–8] Lagrangian in the Lorenz gauge 1 Naively, it has four apparently
independent all-loop-orders renormalized parameters, λ2φ, µ
2
φ, e and 〈H〉. But the Lee-
Stora-Symanzik (LSS) theorem [1], i.e. the WTI m2pi ≡ µ
2
φ + λ
2
φ 〈H〉
2 = 0, relates three of
these parameters to one another by on-shell T-matrix U(1)Y symmetry.
To show that the symmetries of the theory encoded in the WTIs completely determine
the vacuum state, we have to calculate the scalar-sector effective potential, while enforcing
the symmetries. The scalar-sector effective potential involving only external scalars can be
written as
V
eff
φ = −
∞∑
N,M=0
ΓN,M
N !M !
hNπM (1.2)
The factorials account for the symmetry factors of the external states. The Green’s functions
ΓN,M have N external h, and M external π legs, at zero momenta. They are one-scalar-
particle-irreducible (1-φ-I), but usually one-vector-particle-reducible (1-Aµ-R).
2 The set of
1-φ-I Green’s functions includes the more usual 1-P-I Green’s functions, plus an infinity of
certain other 1− P −Reducible graphs.
1
L = LInvariant + LGaugeFixing + LGhost,
LInvariant = −1
4
FµνF
µν + |Dµφ|2 − µ2φφ†φ− λ2φ(φ†φ)2,
LGaugeFixing = − lim
ξ→0
1
2ξ
(∂µAµ)
2
,
LGhost = η¯(−∂2)ω,
with φ ≡ 1√
2
(〈H〉+ h+ ipi), Dµφ ≡ (∂µ − ieYφAµ)φ .
(1.1)
Here Aµ is the U(1)Y gauge field, Fµν is the Abelian field-strength tensor for Aµ, Yφ is the U(1)Y quantum
number of φ, 1√
2
〈H〉 is the expectation value of φ and ω, η¯ are the U(1)Y ghost and anti-ghost fields.
2 If we were interested in the generators of vertex functions, 1-P-I (i.e. Irreducible in all types of fields)
Green’s functions (see e.g. [9, 10] and classic textbooks [11]) would be useful. But we are here instead
interested in calculating the scalar-sector effective potential, i.e. in processes with external scalar particles
only, so 1-φ-I are much more useful.
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1.1 Ward-Takahashi Identities (WTI): U(1)Y current is conserved for con-
nected truncated Greens functions and T-matrix elements
The scalar-sector effective potential must ultimately reflect the (quantum) symmetries of
the scalar-sector of the theory. These are encoded in the Ward-Takahashi Identities (WTI).
We begin by focusing on the rigid/global U(1)Y current
Jµ = π∂µH −H∂µπ − eAµ(π2 +H2) , (1.3)
∂µJ
µ = HmA∂µA
µ
mA = Yφe〈H〉
embedded in the AHM local/gauge theory. This current is conserved up to (ultra-soft)
gauge-fixing terms, so that for Connected (C) time-ordered products with N external hs
and M − 1 external πs, the gauge-fixing condition vanishes [12]
〈0|T
[
(∂µA
µ(z))h(x1) . . . h(xN )π(y1) . . . π(yM−1)
]
|0〉C = 0 (1.4)
so that the current is effectively conserved
〈0|T
[
(∂µJ
µ(z))h(x1) . . . h(xN )π(y1) . . . π(yM−1)
]
|0〉C = 0 (1.5)
For the spontaneously broken AHM in the Lorenz gauge, the Ward identities become (see
[1] for details)
− 〈H〉 ∂µz 〈0|T
[
(∂µπ(z))h(x1) . . . h(xN )π(y1) . . . π(yM−1)
]
|0〉C
= i
M−1∑
m=1
δ4(z − ym) 〈0|T
[
h(z)h(x1) . . . h(xN )π(y1) . . . π̂(ym) . . . π(yM−1)
]
|0〉C
− i
N∑
n=1
δ4(z − xm) 〈0|T
[
h(x1) . . . ĥ(xn) . . . h(xN )π(z)π(y1) . . . π(yM−1)
]
|0〉C ,
(1.6)
where hatted fields are to be omitted. Ref. [1] derives 2 towers of WTIs, one for Green’s
functions and another for on-shell T-Matrix elements: they exhaust the information content
of (1.3),(1.5),(1.6).
1.2 U(1)Y ⊗BRST symmetry [1]
In G. ’t Hooft’s Rξ gauges, gauge fixing and DeWitt-Fadeev-Popov ghost terms [13, 14]
are written in terms of a Nakanishi-Lautrup field b [15, 16], and the SSB vector mass
mA = eYφ〈H〉 = −e〈H〉 > 0.
L
Rξ
AHM = L
Invariant
AHM + L
GaugeF ix;Rξ
AHM + L
Ghost;Rξ
AHM
L
GaugeF ix;Rξ
AHM + L
Ghost;Rξ
AHM
= s
[
η¯
(
FA +
1
2
ξb
)]
FA = ∂µA
µ + ξmAπ (1.7)
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with global BRST transformations [3, 15–19] s, the Lagrangian is BRST invariant:
sL
Rξ
AHM = 0 (1.8)
Reference [1] defines the properties of the various fields under anomaly-free un-deformed
rigid/global U(1)Y transformation by a constant Ω, and we discover that the Rξ-gauge
Lagrangian is not invariant under such U(1)Y transformations
δU(1)Y L
Rξ
AHM 6= 0 (1.9)
Still, the actions of the BRST transformations and the U(1)Y transformation com-
mute on all fields (for the definition of these transformations, see [1] eq.s (7)-(10)). Thus,
with the nilpotent property s2 = 0 applied in (1.7)[
δU(1)Y , s
]
L
Rξ
AHM = 0 , (1.10)
and the two separate global BRST and on-shell U(1)Y symmetries can therefore co-exist
in AHM physics.
1.3 1− φ− I (but 1−Aµ −R) Greens functions
TheWTIs of the Goldstone-mode AHM for connected truncated one-scalar-particle-irreducible
(1-φ-I) Green’s functions, with N renormalized h fields with momenta pi and coordinate
label xn, with M − 1 renormalized π fields with momenta qj and coordinate label ym, and
with 1 renormalized zero-momentum π with coordinate label z, are [1]
〈H〉 ΓN,M (p1, . . . , pN ; 0, q1, . . . , qM−1) (1.11)
=
M−1∑
m=1
ΓN+1,M−2(qm, p1, . . . , pN ; q1, . . . , q̂m, . . . , qM−1)
−
N∑
n=1
ΓN−1,M (p1, . . . , p̂n, . . . , pN ; pn, q1, . . . , qM−1) ,
where hatted momenta again represent omitted fields. As we are interested in the effective
potential, a more convenient form of the WTIs at zero external momenta is
ΓN,M =
〈H〉
M + 1
ΓN−1,M+2 +
N − 1
M + 1
ΓN−2,M+2,
ΓN,M ≡ ΓN,M(0, . . . , 0; 0, . . . , 0).
(1.12)
This encodes symmetries of the theory and can be used to put the expression (1.2) for the
effective potential in a form that makes it explicit that the symmetries completely determine
the vacuum state.
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1.4 1− φ−R (1−Aµ −R) on-shell T-Matrix elements
The WTIs (1.12) exhaust the symmetries (including BRST) of the connected truncated
zero-external-momentum Green’s functions, but the T-matrix still has additional symmetry
due to properties of the physical states [1].
On-shell processes T-matrix elements are governed by an additional U(1)Y symmetry
This is reflected in the Adler self-consistency relations (i.e. “Adler zeros") [20], written
in terms of connected truncated on-shell one-scalar-particle-reducible (1-φ-R) T-matrix el-
ements, with N renormalized h fields with momenta pi and coordinate label xn, M − 1
renormalized π fields with momenta qj and coordinate label ym, and 1 renormalized zero-
momentum π with coordinate label z. For the AHM these are [1]
0 = 〈H〉TN,M(p1, . . . , pN ; 0, q1, . . . , qM−1)(2π)4
( N∑
n=1
pn +
M∑
m=1
qm
)
p2n=m
2
h,q
2
m=0
. (1.13)
The N = 0, M = 2 case:
〈H〉T0,2(; 0, 0) = 0 (1.14)
ensures that π remains massless to all orders in quantum loops. 3 Eqn. (1.14) is the
Lee-Stora-Symanzik (LSS) theorem, relating m2pi to an on-shell T-matrix element. This
statement is true for all orders in loops written in this way as a T-matrix identity. Observing
that
T0,2(; 0, 0) = Γ0,2
= −m2pi,
(1.15)
the Adler self-consistency condition (1.14) for N = 0,M = 2 also demands that
〈H〉Γ0,2 = −〈H〉m
2
pi = 0. (1.16)
A crucial effect of the LSS theorem, together with the N = 1,M = 0 WTI in (1.12)
is to automatically eliminate the tadpoles in the scalar-sector effective potential (1.2) so
no explicit tadpole renormalization is necessary. It can also be seen that, applying (1.12)
recursively in the presence of CP conservation, the Adler self-consistency relations for the
3 This appears remarkably like the Goldstone Theorem, which demands that the Nambu Goldstone
Boson (NGB) of a spontaneously broken global symmetry be purely derivatively coupled and so have zero
mass to all orders in quantum loops. However, pi is not that derivatively coupled field. The actual NGB,
p˜i is found by transforming φ to the Kibble representation: φ = 1√
2
H˜eip˜i/〈H〉, a transformation that can
be done whenever 〈H〉 6= 0, i.e. in the spontaneously broken theory. p˜i is derivatively coupled and hence
massless, mp˜i = 0, as per the Goldstone Theorem, despite that p˜i decouples from the other propagating
degrees of freedom with appropriate re-definition of the vector field. For a discussion of the existence of
the Goldstone Theorem in the spontaneously broken U(1)Y gauge theory in Lorenz gauge see [21]. In the
meantime we see that the vanishing of m2pi, i.e. of Γ0,2, is an independent piece of information from the
Goldstone Theorem in the gauge theory. We refer to this as the B.W. Lee, R. Stora and K. Symanzik (LSS)
Theorem, since it is one of the on-shell T-Matrix WTI obtained by those three in global sigma models (with
or without PCAC). The distinctness of the LSS theorem from the Goldstone Theorem in spontaneously
broken local gauge theories in the presence of global BRST symmetry, was first appreciated with Raymond
Stora in [1].
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AHM also enforce that Green’s functions with an odd number of external π legs vanish,
which we use below in the derivation of the scalar-sector effective potential of equation
(1.2).
Finally, the renormalization procedure is expressed by fixing the quartic coupling con-
stant to be related to the 4-point 1-φ-I Green’s function at zero external momenta
λ2φ = −
1
6
Γ0,4 . (1.17)
1.5 Effective Lagrangian for dimension ≤ 4 operators
When the renormalization condition in (1.17) and the Adler self-consistency relations are
enforced, the effective scalar-sector Lagrangian for the AHM becomes [1], for terms of
dimension ≤ 4
Leffφ = |Dµφ|
2 − V effφ
V
eff
φ = λ
2
φζ
2
ζ = φ†φ−
〈H〉2
2
=
h2 + π2
2
+ 〈H〉h
(1.18)
In [1], the authors focused on terms with dimension less than or equal to four. Below,
we will focus on terms with dimensions greater than 4 and enforce the WTIs in (1.12) to
greatly simplify the full effective scalar-sector potential.
Written suggestively, the LSS theorem in Goldstone mode is
〈H〉 6= 0; µ2φ + λ
2
φ 〈H〉
2 = 0 (1.19)
It is instructive to compare the results of the LSS theorem (1.14) with the current
literature, which agrees with (1.19), but regards it as arising from the minimization of the
effective potential. According to that view, after renormalization, all ultraviolet quadratic
divergences and relevant-opeerator contributions to 〈H〉, including those from very heavy
particle representations added to the AHM in the E-AHM, are regarded as cancelled against
a bare counter-term δµ2φ. In the absence of the LSS theorem, no symmetry protects
(1.19).
In stark contrast, in this work, the LSS theorem (i.e. the symmetriy of on-shell T-
Matrix elements and their Adler zeros) protects (1.19) exactly. We will never minimize a
potential to calculate 〈H〉, and we will never explicitly renormalize tadpole contributions.
Enforcing the LSS theorem makes the tadpoles vanish by symmetry alone and enforcing
the WTIs on the scalar-sector effective potential will decide the true vacuum of the theory.
2 The all-loop-orders, dimension ≥ 1 operators, scalar-sector effective
potential in Lorenz gauge AHM
2.1 Greens functions at zero external momenta
The Appendix shows that equation (1.12) can be solved recursively to express ΓN,M as
a linear combination of Γ0,m , thus expressing all relevant Green’s functions in terms of
– 6 –
Green’s functions with no external h legs:
ΓN,M =
⌊N
2
⌋∑
k=0
(M − 1)!!N !
(M + 2N − 2k − 1)!!
〈H〉N−2k
(2k)!!(N − 2k)!
Γ0,M+2(N−k) (2.1)
where ⌊x⌋ is defined as ⌊x⌋ ≡ max{x ∈ Z |m ≤ x}. Using eq. (2.1) in (1.2) and the LSS
theorem (1.16), (details can be found in the Appendix) the effective potential for the scalar
sector becomes
V
eff
φ = −
∞∑
n=0
1
(2n)!
Γ0,2n
(
h2 + π2 + 2 〈H〉 h
)n
. (2.2)
The Green’s functions Γ0,2n are renormalized to all orders in quantum loops, and 1-φ-I but
not 1-Aµ-I. They contain the symmetries encoded in the WTIs. For arbitrary n, Γ0,2n can
be calculated to order k in loops to generate the correct renormalized effective potential up
to that loop order.
The scalar-sector effective potential V effφ in (2.2) respects the symmetries of the theory
through the WTIs. It is built out of connected truncated 1-φ-I (but not 1-Aµ-I) Green’s
functions. The renormalization condition is that the quartic coupling constant is related to
the 1-φ-I Green’s function with four external π legs at zero external momenta as in (1.17).
The Green’s function version of the LSS Theorem (1.16), and the renormalization condition
(1.17), must therefore be imposed on (2.2).
The n = 0 term is composed of disconnected diagrams, which are excluded in the
T-Matrix, having been absorbed into an overall phase [22] it shares with the vacuum.
V
eff
φ = −
∞∑
n=1
1
(2n)!
Γ0,2n
(
h2 + π2 + 2 〈H〉 h
)n
. (2.3)
2.2 Lee-Stora-Symanzik theorem
The physics of V effφ must also obey the further symmetries of the on-shell T-Matrix: i.e.
connectedness and the LSS Theorem (1.14).
“Whether you like it or not, you have to include in the Lagrangian all possible
terms consistent with locality and power counting, unless otherwise constrained
by Ward identities." Kurt Symanzik, in a private letter to Raymond Stora [23]
In strict obedience to K. Symanzik’s edict, we now further constrain the allowed terms in
the φ-sector effective potential, using those U(1)Y Ward-Takahashi identities that govern
1-φ-R T-Matrix elements TN,M .
The n = 1 term vanishes because of the LSS Theorem (1.16): Green’s functions and
T-Matrix elements with zero external h particles and two external π particles vanish. The
LSS theorem, as explained in the previous section makes the tadpole contributions vanish
as well. We are left with
V
eff
φ = −
∞∑
n=2
1
(2n)!
Γ0,2n
(
h2 + π2 + 2 〈H〉h
)n
, (2.4)
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where n = 2 is fixed by the renormalization condition in (1.17). Re-expressing V effφ in
terms of the variable ζ in (1.18), the scalar-sector effective Lagrangian is
Leffφ = |Dµφ|
2 − V effφ
V
eff
φ = λ
2
φζ
2 −
∞∑
n=3
2n
(2n)!
Γ0,2nζ
n .
(2.5)
This governs low-energy scalar-sector physics in Lorenz gauge.
We find it instructive to re-state what this expansion achieves; by using the symmetries
of the physical states of the theory encoded in the WTIs and the on-shell T-matrix elements
and expressing the scalar sector effective potential in terms of connected, 1−φ− I Green’s
functions it is explicitly seen that the vacuum of the theory is decided by the symmetries
alone of the theory, no minimization is necessary to calculate the value of 〈H〉 or to decide
the correct vacuum of the theory.
3 The gauge-independent vacuum state of the SSB AHM theory is de-
termined by symmetry alone
To see that the theory has the usual Nambu-Goldstone boson (NGB) π˜, we transform to
the Kibble representation φ = 1√
2
H˜e
i p˜i〈H〉 with Yφ = −1, H˜ = 〈H〉 + h˜, and re-write (2.5)
After the π˜ NGB decouples, the effective Lagrangian which governs low-energy scalar-sector
physics becomes
Leffφ =
1
2
∣∣∣(∂µ + ieBµ)H˜∣∣∣2 − V effφ
V
eff
φ =
λ2φ
4
(
H˜2 − 〈H〉2
)2
+
∞∑
n=3
V2n
(
H˜2 − 〈H〉2
)n
ζ = φ†φ−
〈H〉2
2
=
1
2
(
H˜2 − 〈H〉2
)
H˜ = h˜+ 〈H〉;
〈
h˜
〉
= 0. (3.1)
where we have defined the physical/observable gauge field
Bµ = Aµ +
1
e 〈H〉
∂µπ˜, (3.2)
the NGB π˜ has been “eaten" by the vector field and the physical external states consist
only of the Brout-Englert-Higgs boson h˜ with mass m2
h˜
= 2λ2φ 〈H〉
2 and the massive gauge
boson Bµ with mass m
2
B = e
2 〈H〉2. V2n ≡ −Γ0,2n in the Kibble representation.
The extrema of the potential, 0 and 〈H〉, are proved gauge-independent by Nielson
[24]. λ2φ, V2n and (3.1) are proved gauge-independent by S.-H. Henry Tye and Y. Vtorov-
Karevsky [25], when calculated in the Kibble representation.
If V effφ is bounded from below, the minimum of the effective potential (3.1) also occurs
at 〈H˜〉 = 〈H〉. But we never minimized the effective potential. Instead, we imposed on
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(3.1) the Green’s function WTIs and the LSS theorem. As a result, the theory has picked
the vacuum itself from symmetry alone, i.e. the vacuum in which 〈H˜〉 takes the vacuum
expectation value 〈H〉. As long as the coefficients of the higher powers in the effective
potential in (3.1) are positive or negative but systematically smaller in magnitude, the
scalar-sector effective potential, if bounded from below and for small φ field values, will
not generate new extrema, and the true vacuum of the theory will be at 〈H˜〉 = 〈H〉. The
numerical value of 〈H〉GeV is an input parameter, to be taken from experiment.
4 Addition of very heavy U(1)Y particles in loops: all relevant operators
again vanish due to the LSS theorem; the vacuum is determined by
U(1)Y ⊗BRST symmetry alone.
The extended-AHM (E-AHM) adds certain (M2Φ,M
2
ψ ∼ M
2
Heavy ≫ 〈H〉
2 ∼ m2Weak) CP -
conserving heavy matter: spin S = 0 scalars Φ with
〈
Φ
〉
= 0; S = 12 anomaly-cancelling
fermions ψ. 1−Φ−R graphs must now be included in Green’s functions. Results analogous
to the AHM (3.1) hold for the E-AHM to all-loop-orders for dimension ≥ 1 operators (see
[1] for dimension ≤ 4 operators). By U(1)Y ⊗BRST symmetry alone: the LSS theorem[
m2pi
]
E−AHM =
[
µ2φ + λ
2〈H〉2
]
E−AHM = 0 (4.1)
forces all heavy-particle relevant operators to vanish; tadpoles vanish. The φ-sector effective
potential is
V
eff
φ,E-AHM = −
∞∑
n=2
1
(2n)!
ΓE-AHM0,2n
(
H˜2 − 〈H〉
)n
(4.2)
and the SSB ground state H˜2 = 〈H〉2 is fully determined, with no need to minimize
an E-AHM effective potential. The numerical value of 〈H〉GeV is again an input parameter, to
be taken from experiment.
5 Conclusions
We have solved the WTIs of the Goldstone mode of the Abelian Higgs Model recursively to
express 1-φ-I connected truncated Green’s functions at zero momentum in Lorenz gauge,
in terms of such Green’s functions at zero momentum with no external h legs. We enforced
the Lee-Stora-Symanzik (LSS) theorem on the solution, thus ensuring that the pseudoscalar
π remains massless to all orders in quantum loops, and forcing Green’s functions with
an odd number of external π legs to vanish. The LSS theorem also makes the tadpole
contributions vanish so we don’t have to explicitly renormalize tadpole contributions. The
renormalization condition is expressed through the relation of the quartic coupling constant
to the zero-momentum Green’s function with four external π and zero external h legs
(equation (1.17)). Together with the Green’s functions, the Adler self-consistency relations
and the LSS Theorem, the recursive solution to the WTIs includes all the symmetries of
the theory.
We have shown that imposing the full symmetries of the theory (the WTIs and the
LSS theorem) on the effective potential ensures that the vacuum of the theory is where
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〈H˜〉 = 〈H〉. We have never minimized the effective potential to reach that conclusion, the
theory picked the correct vacuum after the symmetries are imposed on the potential itself.
By the use of the LSS theorem, the tadpole contributions vanish as well, saving us from
doing explicit tadpole renormalization. The numerical value of 〈H〉GeV is an input parameter,
to be taken from experiment.
The 2 towers of WTIs derived in [1] are in the Lorenz gauge where, in the Kibble
representation, the π˜ field is “eaten" by the observable vector field Bµ and decouples from
the observable particle spectrum of h˜, Bµ. The vacuum of the AHM, expressed in the Kibble
representation, is gauge independent as proven by [25].
Results analogous to the AHM hold for the CP -conserving E-AHM to all-loop-orders
for dimension ≥ 1 operators. The numerical value of 〈H〉GeV is again an input parameter, to
be taken from experiment.
The arguments used and the solution provided can be extended to the scalar sector
of the CP -conserving Standard model (SMCP ) for all-ElectroWeak and QCD-loop-orders
dimension ≤ 4 operators [26], where 1 −W±µ − R, 1 − Zµ − R, 1 − Aµ(photon) − R and
1−Gaµ(gluon)−R graphs must be included in 1−Scalar−I Green’s functions. The driving
symmetry is SU(2)L⊗BRST . We expect to be able to extend our results to dimension ≥ 1
operators in its scalar-sector.
The extended CP -conserving SM (E−SMCP ) adds certain CP -conserving (M
2
Φ,M
2
ψ ∼
M2Heavy ≫ 〈H〉
2 ∼ m2Weak) heavy matter: spin S = 0 scalars Φ with
〈
Φ
〉
= 0; S = 12
anomaly-cancelling fermions ψ. 1 − Φ − R graphs must also be included in 1 − scalar −
I Green’s functions. We have shown results analogous to those here for all-loop-order
dimension ≤ 4 operators [27]. We expect that analogous all-loop-order results also hold
for the E − SMCP for dimension ≥ 1 operators, so that by SU(2)L ⊗BRST symmetry
alone: the LSS theorem forces all heavy-particle relevant operators to vanish; m2pi = 0 for
weak-isospin ~π; tadpoles vanish; and the SSB ground state is fully determined/specified,
with no need to minimize an E − SMCP effective potential.
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A Solving the Ward-Takahashi Identities and the Scalar-Sector Effective
Potential
Equation (1.12) is a recursion relation among the 1-φ-I connected truncated Green’s func-
tions of the theory. It relates a Green’s function with N external h legs and M external π
legs to two Green’s functions, both with fewer external h legs – one with N − 1 external
h and M + 2 external π legs, and the other with N − 2 external h and M + 2 external
π legs. This relation can then be applied again and again until one reaches an expression
containing only Green’s functions with no external h legs on the right hand side. The result
of this repeated application of the recursion relation will therefore take the form
ΓN,M =
∑
∆m
aN,∆mΓ0,M+∆m. (A.1)
We proceed to calculate aN,∆m.
We begin by labeling the term that lowers N by 1 an o-type term and the term that
lowers N by 2 an e-type term. To keep track of different terms generated in the repeated
application of (1.12), we construct strings of e’s and o’s. For example, “eoee” corresponds
to a term generated by an e-type term in the first recursion followed by an o-type term,
followed by two e-type terms. Different strings with the same numbers of e’s and o’s
correspond to terms with the same ∆m but with different intermediate coefficients. The
coefficients of all possible strings of a given ∆m must be summed to give aN,∆m.
The absence of external h legs on the right-hand side of eq. (A.1) forces N = p + 2q
and ∆m = 2p+ 2q = 2(N − q), where p is the number of e’s and q is the number of o’s in
a given string.
For a given N , q can take ⌊N2 ⌋+1 different values since q = 0, 1, . . . , ⌊
N
2 ⌋, corresponding
to ⌊N2 ⌋+ 1 different values of ∆m. Equation (A.1) therefore can be rewritten as
ΓN,M =
⌊N
2
⌋∑
q=0
aN,qΓ0,M+2(N−q). (A.2)
For a given string of e’s and o’s, each o contributes a factor of 〈H〉M+1 and each e con-
tributes N−1M+1 . Clearly these depend on the position of the letter in the string, and the
length of the string.
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For a string of e’s and o’s, say eooeoeo, we label each e and o by a pair of indices
j, k. The leftmost entry in the string is labelled j = 0, k = 1. Each e or o in the string
increases j by two (for the next entry); each o increases k by 1, while each e increases k by
2. The rightmost term for string of length p+ q will therefore be labelled by j = 2(N − q),
independent of the ordering of e’s and o’s, while the k label will depend on the ordering.
To each o we can associate its correct factor (as given above), 〈H〉M+1+j , and to each e its
factor, N−kM+1+j . These are multiplied together to get the contribution of this string to aN,q.
Disregarding momentarily the N − k in the numerators of the e factors, the rest of the
contributions are the same for permutations of a string of p e’s and q o’s:
〈H〉(N−2q)
(M + 1)(M + 3) . . .
(
M + 2(N − q) + 1
) = 〈H〉(N−2q) (M + 1)!!
(M + 2N − 2q − 1)!!
(A.3)
To find the correct numerator, we must construct all possible strings of p e’s and q o’s
satisfying p+ 2q = N , evaluate their numerator, and then sum them. For a given value of
p and q, there are therefore (N−q)!p!q! different strings. Each e in a string contributes (N − k)
to the numerator of that string. The full numerator (excluding the overall contribution
included in equation (A.3)) can therefore be expressed as a nested sum:
N−(2q−1)∑
i1=1
(N − i1)
(N−(2q−3)∑
i2=i1+2
(N − i2)
(
. . .
( N−3∑
iq−1=iq−2+2
(N − iq−1)
( N−1∑
iq=iq−1+2
(N − iq)
)
. . .
)
.
(A.4)
The leftmost sum (over i1) accounts for the possible locations of the leftmost e in a
string of length (N − q). The second sum accounts for the possible locations of the second-
leftmost e, and so on. Since each of the q e’s in the string contributes a single sum, there
are in total q nested sums.
To evaluate (A.4), we start by evaluating the rightmost (i.e. innermost) sum
N−1∑
iq=iq−1+2
(N − iq) =
1
2
(N − iq−1 − 1)(N − iq−1 − 2). (A.5)
This can be written as
1
2
(N − iq−1 − 2)2 , (A.6)
where (x)n is the Pochhammer symbol, defined by
(x)n ≡
Γ(x+ n)
n
= n!
(
x+ n− 1
x− 1
)
. (A.7)
A summation identity of Pochhammer symbols will prove very useful:
m∑
x=1
(x)n =
1
n+ 1
(m)n+1 . (A.8)
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This can be proved using the so-called multiset identity [28]
n∑
k=0
(
m+ k − 1
k
)
=
(
n+m
n
)
. (A.9)
It is also easy to see that the Pochhammer symbol satisfies the recursion relation
(x+ n)(x)n = (x)n+1. (A.10)
We can use equations (A.10) and (A.6) to express the second sum from the right in
(A.4) as
N−3∑
iq−1=iq−2+2
1
2
(N − iq−1 − 2)3. (A.11)
To use (A.8), we first rewrite this as
N−iq−2−4∑
iq−1=1
1
2
(N − iq−1 − iq−2 − 3)3 . (A.12)
We then define x = N − iq−1 − iq−2 − 3 and use (A.8) to get
N−iq−2−4∑
x=1
1
2
(x)3 =
1
8
(N − iq−2 − 4)4. (A.13)
We continue in a similar fashion through the rest of the q nested sums in (A.4). The
lower limit of each sum can be made 1 by shifting iq−j downward by iq−j−1 + 1, and then
defining a dummy variable xj ≡ N − iq−j − iq−j−1 − (2j + 1). Each individual sum then
takes the form
N−iq−(j+1)−2(j+1)∑
xj=1
1
(2j)!!
(xj)2j−1. (A.14)
As we step outward (leftward) through the sums, the index n of the Pochhammer
symbol increases by 2, the argument of the Pochhammer symbol decreases by two, and we
pick up an overall factor of 12j . We perform the first q − 1 sums and we are left with
N−(2q−1)∑
i1=1
1
(2q − 2)!!
(N − i1)
(
N − i− (2q − 2)
)
2q−2
=
N−(2q−1)∑
i1=1
1
(2q − 2)!!
(
N − i− (2q − 2)
)
2q−1
=
N !
(2q)!!(N − 2q)!
(A.15)
where we have used the identities (A.10) and (A.8), and the definition of the Pochhammer
symbol (A.7).
– 14 –
Putting everything together, the coefficients aN,q become
〈H〉N−2q (M − 1)!!N !
(2q)!!
(
M + 2(N − q)− 1
)
!!(N − 2q)!
, (A.16)
and each ΓN,M is expressed as a linear superposition of Γ0,m as
ΓN,M =
⌊N
2
⌋∑
k=0
(M − 1)!!N !
(M + 2N − 2k − 1)!!
〈H〉N−2k
(2k)!!(N − 2k)!
Γ0,M+2(N−k). (A.17)
The scalar-sector effective potential, appropriate for calculating processes containing
only external scalars can be expressed generally as
V
eff
φ = −
∞∑
N,M=0
ΓN,M
N !M !
hNπM . (A.18)
The LSS Theorem (1.16) (i.e. the Adler self consistency condition for N = 0,M = 2)
ensures the masslessness of π. The Adler self-consistency conditions (1.13) also recursively
force all Green’s functions with an odd number of external π legs to vanish. Eqns. (1.13)
and (1.14) are enforced in equation (A.17) by defining M = 2m in (2.1). Using (A.17)
in (A.18) and converting double factorials into normal ones and defining j = N − q, the
scalar-sector effective potential becomes
V
eff
φ = −
∞∑
m=0
π2m
m!
∞∑
N=0
hN
N∑
j=⌈N
2
⌉
(
2 〈H〉
)2j−N
(N − j)!(2j −N)!
(m+ j)!(
2(m+ j)
)
!
Γ0,2(m+j). (A.19)
For a fixed value of m, because of the sum on N , the index j runs from 0 to ∞. We
investigate the coefficients of Γ0,2(m+j) for a fixed value of j and note that N has to run
from j to 2j. If we define N = i+ j, the range of N forces i to run from 0 to j. If we also
define n = m+ j, then the r.h.s. of (A.19) can be rewritten more simply as
∞∑
m=0
π2m
m!
∞∑
n=m
Γ0,2nn!
(2n)!
n−m∑
i=0
h2i
(
2 〈H〉 h
)n−i−m
i!(n− i−m)!
. (A.20)
To find the coefficients of Γ0,2n for a fixed value of n, where n ranges from 0 to ∞, note
that, because of the sum on n from m to ∞, the terms that contain Γ0,2n for a fixed n can
only come from m = 0, 1, . . . , n. After relabelling m = j, this observation leads us to the
following expression for the r.h.s of (A.19)
∞∑
n=0
Γ0,2nn!
(2n)!
n∑
j=0
π2j
j!
n−j∑
i=0
h2i
(
2 〈H〉h
)n−i−j
i!(n− i− j)!
. (A.21)
The series in (A.21) contains a trinomial expansion
n!
n∑
j=0
π2j
j!
n−j∑
i=0
h2i
(
2 〈H〉 h
)n−i−j
i!(n− i− j)!
=
(
h2 + π2 + 2 〈H〉h
)n
and thus the effective potential is expressed as in (2.2).
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